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3. INFORMATION REPRESENTATION AND PROCESSING 

 

The representation of individual or structural information (usually many items of information 

for one unique complex individual) was described in chapter 1. A method to process that 

information will be developed in chapters 4 to 9. 

Sometimes in the model building some information about a population is required (usually 

information about a few characteristics shared by a large quantity of entities). This situation 

may occur when a collection of items is treated as a single item. Examples may be: yearly 

income of the workers of a city, quarterly sales of the agrarian sector in a national economy, 

mean yearly rainfall in a watershed, heights and weights of children in a school, etc. The 

individuals are respectively: years, quarters, children respectively. 

To represent the information about populations Descriptive Statistic techniques are used. To 

extract conclusions from data, Inference Statistics and Data Analysis techniques are 

available. These techniques are explained in Statistic texts. In this chapter a summary of such 

techniques used in simulation practice will be presented. 

In general the problem is to compress the information that comes as a multitude of data in a 

small quantity of data or relations among the data that would be more intelligible by the user 

and usable by the model. This compressed information should preserve the main features of the 

original one. Data represent values of a characteristic of a thing or shared by many things. 

For example: the Sun is at the center of our planetary system, or this man weights 70 

kilograms. As we say Statistics deal with the last class of data. The statistical methods, used to 

represent and process data depend on the type of data. 

 

3.1. Types of data. Scales. 

When a characteristic is measured by assigning a value to it we say that it is a magnitude in 

the sense that it may change the value.  

The difference between data types depends on order properties and the class of operations 

that can be made with the data. These determine the following data types, called scales. 

 

a) Nominal Scale. The characteristic to be expressed by the data may have one value of a set 

whose elements do not admit any order relation and between which no operation is allowed. 
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Of two data the only thing that can be said is if they are equal or unequal. A color, for example, 

may be red, yellow or green. No relation of greater or lower and no operation can be defined 

between these values. They are called categorical data, and the set of possible values of the 

characteristic they describe is called a nominal scale. All transformation of the set by a one to 

one function produces an equivalent scale. So, these values are denoted (codified) by elements 

of another set. The values change the name but refer to the same modalities of the properties. 

For example red:1, yellow:2, green:3. En an equivalent scale may be: red:8, yellow:0, green:3. 

But the order and operation among these codified values do not have any meaning. 

  

b) Network Scale. The characteristic admits values partially ordered. That is to say, between 

two values may be an order relationship (examples:  <, >, better than to, dominates to, is 

subordinate to, is to the right of, etc.) or may be no relationship at all. A typical example are 

the hierarchical scales: a supervisor in a section of an enterprise can have power over a 

subordinate employee only in his section, but he does not have relation with an employee of 

another section. All transformation of the scale that preserves the order produces an equivalent 

scale.  

 

c) Ordinal Scale. Between two values there are always an order relationship (as <, >, better 

than to, dominates to, is subordinate to, is to the right of, etc.). Such a relation is no 

symmetrical (if a>b then it is not b>a) and transitive (if a>b and b>c then a>c). However it 

cannot be established an arithmetic operation between values of the scale (for example an 

“interval” a-b has not meaning). Typical examples are the Mohs hardness scale for minerals 

based in the relation “can scratch”. Thus talc (1) is scratched by gypsum (2) this can be 

scratched by fluorite (3), this by calcite (4) and so on. But it is not possible to say that the 

difference in hardness between successive minerals in the scale is the same, because the 

property is based in a comparison and not related with numerical values. Other examples are 

percentage. If two countries have 90% an 100% literacy respectively and other two have  20% 

and 30% it make no sense to say that their differences in literacy are the same. The values 

corresponds to different quantities of people. Besides, the cost to pass from 20% to 30% is less 

than that to pass from 90% to 100%. Other example are the qualification obtained in an 
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examination. All transformation of the values by means of a monotonic increasing function 

produces an equivalent scale. 

 

4. Interval Scales. In this scale the values are numeric and can be ordered as in the ordinal 

scale. But here the differences between the values have a meaning, that is to say, they are 

linked to some property of the individuals that have the property. A typical example is the 

temperature scale (Fahrenheit or Celsius). When the temperature pass from 30 to 35 degrees 

the increase in the volume of a liquid, or in the length of  a metallic bar or in the molecular 

energy of  the molecules of a mass of gas is the same as the increments when the temperature 

pass from 40 to 45.  On the other hand the multiplication of the values by a number has no 

meaning.  No property duplicates when the temperature passes from 10 to 20 degrees.  Other 

examples are the dates referred to a conventional origin of the different calendars, the height  

over (or under) a reference plane, etc. Note that the zero is arbitrary. A linear transformation of 

an interval scale produces a valid scale. See for example the temperature conversions:  

C=5/9 (F-32). 

 

5. Proportional Scale. The values of this scale are numeric, they can be ordered and the 

differences are meaningful. Besides, adding and multiplying values by a number are possible. 

The zero is not arbitrary. It corresponds to the absence of the characteristic. Examples: the 

mass, the capital, the distance between two points, the volume, the energy, the absolute 

temperature. All linear homogeneous transform of a proportional scale, brings about a valid 

scale for the characteristic. 

 

Consistency of the scales. The assignation of a scale type to a characteristic has some degree 

of arbitrariness. It may be argued, for instance, that a numerical scale for the qualification of an 

examination that goes from 0 to 20, with 10 required for approbation, is an interval scale. This 

would justify to compute means and deviations using values of this scale. However, the 

experience shows that the distance between 9 and 10, that makes the difference between 

approved and flunk, is greater than between other successive numbers. In the temperature scale 

a mercury column in a tube of constant section is put to the temperature of fusing ice and in 

boiling water. The first length is marked 0, the other 100 and the interval between them is 
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divided in 100 equal parts. Thus the increase of a temperature rise when the marks pass, for 

instance, from 40 to 41, is the same, by definition, that the increase when it goes from 80 to 

81. But this does not warrant that the magnitude of another objective property that is depedent 

of the temperature were the same in both cases. The dilatation of oil, for instance, would be not 

equal for the two increases. However, there are many properties that between certain limits 

change in the same way in the two cases. For example the dilatation of a gas, or of a metal, or 

the quantity of energy to be communicated to a mass to be heated in both increases, is, 

approximately, the same. In the case of a mass it is proved that a twofold mass has twice the 

volume and require twice a force to get the same acceleration. To be useful, the introduction 

of a scale for a magnitude must made simple quantitative relations with other 

magnitudes. 

   

Probability Distributions 

In many cases to the different possible values of a magnitude a probability may be assigned. 

This probability is a non negative real value in the interval [0,1] that indicates the likelihood of 

the possible values of that magnitude. The set of the values with their probabilities is called the 

distribution of probability of the magnitude. It is important to distinguish two cases. 

Discrete probability distributions in which the set of values to which the probability is 

assigned is numerable (the set of them may be put in one to one correspondence with the set of 

natural numbers 1,2,3…). The sum of the probabilities of all the values must be equal to one. 

If the probabilities of the values are ,...,, 321 ppp  are the probabilities of the values of the 

magnitude ,...,, 321 xxx it must be 10 ≤≤ ip  and ∑ =
i

ip 1 

Continuous probability distributions in which the set of possible values is the continuum (it 

may be put in one to one correspondence with measurable sets of real numbers). The 

probability of an individual value x is zero but to each x it may be assigned a value )(xf such 

that the probability that a value may be in a measurable subset S is: ∫
S

dxxf )( . The )(xf  is 

called the probability distribution function of the magnitude. Since there are subsets of the 

real numbers that are non measurable not all subset admits a probability assignment. 
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The following distributions are important in the design and use of simulation models. The 

mean is denoted byµ  and the variance by 2σ  (σ  is the standard deviation). 

 

Discrete Uniform.  

There are n equally spaced values with probability n/1 each one. If a and b  are the extreme 

values then: 

2
)1(

ab
iaxi

−−+=  

2/)( ba +=µ  

See Figure 1.  

 

It is used when all the n  possible values appear equally likely. 

 

Continuos Uniform.  

Over a range [a,b] the probability that a value fall in a subinterval x∆ is proportional to x∆  and 

not of the position of this subinterval in [a,b]. 

)/(1)( abxf −=   if  bxa ≤≤  

0)( =xf                  otherwise 
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See Figure 2. 

It is used when all the values of the interval seem equally likely. 

 

Bernoulli. 

Experiment: Select one value true  or false  in an experiment in which the probabilities are: 

pfalseP

ptrueP

−=
=

1)(

)(
 

p

p

=
=

2σ
µ

 

See Figure 3 
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 It is used to decide between two possibilities with known probabilities. 

Binomial. 

Experiment: n  Bernoulli experiments are made and the number r  of true results are counted: 

∑=
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See Figure 4. 

May be used to estimate the probability of an event repeating it many times   

 

Poisson. 

Experiment: In a continuum interval divided in k  equal parts select n  points at random with 

uniform distribution. Let r  be the number of points in one part  and knm /=  

!/)( remrf mr −=  

m

m

=
=

2σ
µ

 

See Figure 5. 

May be used to decide if an event that occur at many irregular times is produced by an uniform 

distributed random process. The distribution of the number of intervals with 0,1,2,.. 

occurrences of the event must have a Poisson distribution. May also be used for spatial 

distributions dividing the space in equal cells. It is used in stochastic modeling. 

 

 Exponential. 

Experiment: the same as Poisson, but the variable is the distance x  between successive points. 

If m  is the mean distance between successive points: 

mexf mx /)( /=   if  0≥x  

0)( =xf              if  0<x  

mxexF /1)( −−=   if  0≥x  

0)( =xF              if  0<x  
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m=µ  

22 m=σ  

See Figure 6. 

It may be used to represent arrivals (for instance in a port) when an arrival can happen at any 

time with the same probability. The distribution of the inter-arrival times is then exponential. 

 

Erlang. 

Experiment: The same as Poisson, but the variable is the distance from one point to the rth point 

forward. 
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See Figure 7. 

It may be used, for example for arrivals or events, like telephone calls, that block the 

occurrence of similar events for a time. It may be good to adjust certain random delays. 

 

Triangular. 

It is defined by the minimum: a , maximum:b  values of the variable, and the mode:m  (more 

probable value) with a linear variation between each extreme and the maximum. 
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0)( =xf                                     otherwise. 

See Figure 8. 

It is used when the values of a variable that may be guessed are the extremes of an interval and 

the most probable value. For instance the probable length of time for complete a task. 
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Normal. 

Experiment: Samples of n  individuals are taken from a population in which a variable has any 

distribution with mean m  and finite variance 2d . The mean of the variable for each sample is 

taken. The distribution of these means as ∞→n  tends to a distribution that is called normal 

(or Gauss or Laplace distribution) : 

2
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where, in the experiment, m=µ  and nd /=σ . 

The curve is symmetrical around the meanµ  in the form of a bell with inflexion points in 

σµ ± . 

See Figure 9. 

Many populations have variables with approximately normal distribution. If a process produce 

values of a variable by superposition of many effects that contribute with additions of  values 

with approximately the same mean and variance, the variable may result approximately 

normal. One problem with the normal distribution is that it has non zero values for ∞→x  

and −∞→x , Which does not occur with real data. The tails may be cut or other similar 

distributions can be used, as Erlang, Gamma or Lognormal. 

There are tables with values of the tipified normal distribution ).1,0(N  
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 With these tables the values corresponding to a normal with any mean m  and deviation d  

may be found. The transformation is: dmxz /)( −= . The z  is the number of typical deviations 

corresponding to a value x  respect to the mean. 
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Student. 

Experiment: Random samples of size n are taken from a population and a variable is 

considered that has, in the population, normal distribution with meanµ  and deviation σ . The 

mean value x  and deviation d  of each sample is computed. The typified mean values 

nd

x
t

/

µ−=  have a distribution: 
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See Figure 10. 

The corresponding distribution, called Student distribution with 1−= ng , degrees of freedom. 

It is used to compare means from small samples from normal distributed values. For values of 

25>n  the Student distribution is practically equal to the normal. 

 

Chi-square. 

Let he empirically obtained frequencies of the n  possible results of a random experiment 

were nooo ,...,, 21 . The same frequencies obtained by another method are: neee ,...,, 21 . Then the 

following measure of the divergence of both estimations: ∑ =

−
= n

i
i

ii

e

eo
x
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2)(
 , when this 

process is repeated many times, thex  has the distribution: 
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where 1−= nk  is called degrees of freedom of the 2χ distribution. 

 

The chi-square distribution is used to compare distributions. 
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Gamma. 

This distribution is a generalization of the Erlang when the parameter r is a positive real 

number a . 
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See Figure 12. 

The Gamma function is very useful to represent sets of positive real values that are grouped 

around a mean value, like service times, length of stable queues, intervals between failures of 

equipment, etc. 

 

Beta. 
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See Figure 13. 

This distribution may be used to represent values in a finite interval. 

 

 

Weibull. 
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It is used to represent distribution of failures in equipment. 
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Lognormal. 
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It may be used to represent distribution of maximum values of random sets of values. 

 

Collecting data from a population. Sampling techniques. 

 

Organizing data from a population. Descriptive Statistics. Clustering. 

 

3.5 Organizing  data from a population. Statistical Models. 

 

3.6 Tests of hypothesis.  

 

3.3.x  Sampling from a sample (bootstrap). 

  

This method is used to extract information about the distribution of one statistic (mean, 

median, maximum, minimum, correlation coefficients, regression coefficient, etc) of a 

population based in only one sample.  

In the classical method, the problem is solved assuming a certain distribution in the population 

for the variable from which the statistic depends on. A value of the statistic is obtained from 

the sample. From the comparison with the assumed distribution it is possible to estimate the 

probability that the value of the statistic for the population were within some specified limits. 

The problem is that the population distribution may be unknown or difficult  to estimate. 

A direct approach is to take a large quantity of samples and obtain a histogram of the statistic. 

This allows to estimate easily the probability that the statistic of the population fall between 

any given interval. The problem is the cost to obtain many samples. 

The bootstrap method solves the problem by taking only one sample and by extracting from it 

many samples of the same size. The extraction is with replacement, so the samples are, in 
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general, different. These samples are used, like in the direct approach, to make a frequency 

table and histograms of the obtained statistics to drawn conclusions about the statistic of the 

population. 

 

Example. To estimate the useful wood of a plantation. The easy measurement is the diameter 

of the trees at a certain height. It was found that there is a linear correlation between the cube 

of the diameter and the quantity of useful wood. This was deduced from a sample of 20 trees 

that were cut and the useful wood was extracted. 

The data are the following: 

 

Assume that the correlation coefficient between the cube of diameter and the useful wood is 

being investigated. With the sample only one correlation coefficient is obtained. Then 50 

samples of the 20 data (each a pair: d3 ,w) are obtained from the original. The samples are 

obtained with replacement so in them may be some repeated data. From these samples 50 

correlation coefficients (usually different) are obtained. A frequency table with adequate 

intervals is formed from which inferences about the population correlation coefficient are 

drawn in the usual way. The data for this example follows.   

 

 

BOOTSTRAP EXAMPLE 

 

ORIGINAL DATA   ( W=kD3+e ) 

DIAMETER d                    WOOD w 

d=  0.38    d3= 0.0548720     w=   0.38 

d=  0.41    d3= 0.0689210     w=   0.58 

d=  0.30    d3= 0.0270000     w=   0.30 

d=  0.46    d3= 0.0973360     w=   0.68 

d=  0.38    d3= 0.0548720     w=   0.18 

d=  0.35    d3= 0.0428750     w=   0.38 

d=  0.52    d3= 0.1406080     w=   1.09 

d=  0.34    d3= 0.0393040     w=   0.26 
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d=  0.29    d3= 0.0243890     w=   0.19 

d=  0.46    d3= 0.0973360     w=   0.69 

d=  0.40    d3= 0.0640000     w=   0.38 

d=  0.44    d3= 0.0851840     w=   0.64 

d=  0.41    d3= 0.0689210     w=   0.39 

d=  0.49    d3= 0.1176490     w=   0.71 

d=  0.38    d3= 0.0548720     w=   0.29 

d=  0.46    d3= 0.0973360     w=   0.76 

d=  0.28    d3= 0.0219520     w=   0.39 

d=  0.37    d3= 0.0506530     w=   0.31 

d=  0.50    d3= 0.1250000     w=   0.66 

d=  0.39    d3= 0.0593190     w=   0.43 

 

FIRST SAMPLE OF SAMPLE 

d=  0.50    d3= 0.1250000     w=   0.66 

d=  0.46    d3= 0.0973360     w=   0.69 

d=  0.38    d3= 0.0548720     w=   0.29 ←  

d=  0.37    d3= 0.0506530     w=   0.31 

d=  0.46    d3= 0.0973360     w=   0.76 

d=  0.28    d3= 0.0219520     w=   0.39 

d=  0.28    d3= 0.0219520     w=   0.39 

d=  0.41    d3= 0.0689210     w=   0.39 

d=  0.29    d3= 0.0243890     w=   0.19 

d=  0.41    d3= 0.0689210     w=   0.58 

d=  0.34    d3= 0.0393040     w=   0.26 

d=  0.41    d3= 0.0689210     w=   0.39 

d=  0.29    d3= 0.0243890     w=   0.19 

d=  0.37    d3= 0.0506530     w=   0.31 

d=  0.40    d3= 0.0640000     w=   0.38 

d=  0.29    d3= 0.0243890     w=   0.19 

d=  0.38    d3= 0.0548720     w=   0.29 ←  
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d=  0.46    d3= 0.0973360     w=   0.69 

d=  0.46    d3= 0.0973360     w=   0.69 

d=  0.44    d3= 0.0851840     w=   0.64 

 

(see that some observations may appear repeated in the sample of the original sample) 

 

(49 OTHER SAMPLES FROM THE ORIGINAL SAMPLE FOLLOW) 

 

 

 

CORRELATION COEFFICIENTS  FROM THE 50 SAMPLES.  FREQUENCY TABLE FOR 

r 

  

r=   0.8664                                    Interval    Quantity Frequency  

r=   0.8961                                    0.750 0.775     1      0.020 

r=   0.9450                                    0.775 0.800     1      0.020 

r=   0.8826                                    0.800 0.825     1      0.020 

r=   0.8626                                    0.825 0.850     1      0.020      

r=   0.9015                                    0.850 0.875    10      0.200   

r=   0.9296                                    0.875 0.900    10      0.200     

r=   0.8134                                    0.900 0.925    15      0.300 

r=   0.9359                                    0.925 0.950     9      0.180       

r=   0.8666                                    0.950 0.975     2      0.040        

r=   0.9040                                    0.975 1.000     1      0.020 

r=   0.9502 

r=   0.9092 

r=   0.9126 

r=   0.8921 

r=   0.8730 

r=   0.9435 

r=   0.8963 
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r=   0.8653 

r=   0.8737 

r=   0.9162 

r=   0.8848 

r=   0.8783 

r=   0.9149 

r=   0.9253 

r=   0.8260 

r=   0.9015 

r=   0.9130 

r=   0.7785 

r=   0.9017 

r=   0.8586 

r=   0.8948 

r=   0.9090 

r=   0.9316 

r=   0.9015 

r=   0.9207 

r=   0.9020 

r=   0.8608 

r=   0.7646 

r=   0.9314 

r=   0.8960 

r=   0.9686 

r=   0.8688 

r=   0.8973 

r=   0.8925 

r=   0.9164 

r=   0.9122 

r=   0.9288 

r=   0.8703 
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r=   0.9304 

 

EXERCISES 

 

1 Make the graphs of the given probability functions for different values of the parameters (use 

some mathematical package). 

 

2 Find the regression relation ekdw += 3  and find by bootstraping the distributions of the k  

and e  coefficients. These distributions could be used to generate random values of the 

diameters for a simulation model. How this can be done? Are k  and e independent?. 
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